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1. INTRODUCTION 


Norman Levine introduced generalized closed sets in 1970. After him various Authors !'-18 20-29] studied different versions of generalized sets and related 
topological properties. Recently V.K. Sharma studied separation axioms for g-open. Following V.K. Sharma we are going to study further properties of sg- 
separation axioms. Throughout the paper a space X means a topological space (X,t). For any subset A of X its complement, interior, closure, sg-interior, 
sg-closure are denoted respectively by the symbols A°, A°, cl(A), sg-int(A) and sg-cl(A). 


1.1. Definition 1.1 


AcxX is called 

(i) g-closed[resp: sg-closed] if cl(A) c U[resp: scl(A) c U] whenever A c U and U is open|[resp: semi-open] in X. 

(ii) g-open[resp: sg-open] if its complement is (i) g-closed[resp: sg-closed]. 

Note 1: The class of regular open sets, open sets, g-open sets and sg-open sets are denoted by RO(X), t(X), GO(X) and SGO(X) respectively. Clearly 
RO(X)ct(X)cGO(X)cSGO(X). 

Note 2: AcSGO(X, x) means A is a semipro generalized-open neighborhood of X containing x. 


1.2. Definition 1.2 
AcxX is called clopen[resp: nearly-clopen; semi-clopen; g-clopen; sg-clopen] if it is both open[resp: regular-open; semi-open; g-open; sg-open] and 
closed[resp: regular-closed; semi-closed; g- closed; sg-closed] 


1.3. Definition 1.3 


A function f: X — Y is said to be 

(i) Continuous [resp: nearly continuous, semi-continuous] if inverse image of open set is open[resp: regular-open, semi-open] 

(ii) g-continuous [resp: sg-continuous] if inverse image of closed set is g-closed [resp: sg-closed] 

(iii) irresolute [resp: nearly irresolute, sg-irresolute] if inverse image of semi-open [resp: regular-open, sg-open] set is semi-open [resp: regular-open, sg- 
open] 

(iv) g-irresolute [resp: sg-irresolute; sg-irresolute] if inverse image of g-closed [resp: sg-closed, sg-closed] set is g-closed [resp: sg-closed; sg-closed] 
(v) open [resp: nearly open, semi-open] if the image of open set is open [resp: regular-open, semi-open] 

(vi) g-open [resp: sg-open] if the image of open set is g-open [resp: sg-open] 

(vii)homeomorphism [resp: nearly homeomorphism, semi-homeomorphism] if fis bijective, continuous [resp: nearly-continuous, semi-continuous] and f7! 
is continuous[resp: nearly-continuous, semi-continuous] 

(viii)rc-homeomorphism [resp: sc-homeomorphisn] if fis bijective r-irresolute [resp: irresolute] and f" is r-irresolute [resp: irresolute] 

(ix) g-homeomorphism [resp: sg-homeomorphism] if fis bijective g-continuous [resp: sg-continuous] and f~' is g-continuous [resp: sg-continuous] 

(x) gc-homeomorphism [resp: sgc-homeomorphism] if fis bijective g-irresolute [resp: sg-irresolute] and _f~' is g-irresolute[resp: sg-irresolute] 


1.4. Definition 1.4 

X is said to be 

(i) Compact [nearly compact, semi-compact, g-compact, sg-compact] if every open[regular-open, semi-open, g-open, sg-open] cover has a finite sub 
cover. 

(ii) To [rTo, STo, go] space if for each x # yeX J Uet(X)[RO(X); SO(X); GO(X)] containing either x or y. 

(iii) Ti [rT1, ST1, g1] space if for each x # yeX 3 U, Vet(X)[RO(X); SO(X); GO(X)] such that xeU-V and yeV - U. 

(iv) T2[rT2, sT2, gz] space if for each x # yeX J U, Vert(X)[RO(X); SO(X); GO(X)] such that xeU; yeV and UNV = 6. 

(v) T12[ rT12, pT1/2] if every g-closed[rg-closed, pg-closed] set is closed [r-closed, pre-closed] 
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2. SG-CONTINUITY AND PRODUCT SPACES 
2.1. Theorem 2.1 


Let Y and {X,:ae |} be Topological Spaces. Let f: Y IX, be a function. If fis sg-continuous, then 2, f: Y X,, is sg-continuous. 

Proof: Suppose fis sg-continuous and 7.:IIXs—>X. is continuous for each ae |, m,°f is sg-continuous. 

Converse of the above theorem is not true in general. 

Example 2.1: Let X = {p, q, r, s}; tx = {0, {a}, {p, a}, {a, r}, {P, a, r}, X}, Y1 = Yo = {a, b}; tv1 = {, {a}, Yi}; tv2 = {0, {a}, Yo}; Y = YixYo = {(a, a), (a, b), (b, a), 
(b, b)} and ty = {@, {(a, a)}, {(a, a), (a, b)}, {(a, a), (b, a}, {(a, a), (a, b), (b, a)}, YixY2}. Define fby f(p) = (a, a), {q) = (b, b), f(r) = (a, b), f(s) = (b, a). Itis 
easy to see that mief and nef are sg-continuous. However {(b, b)} is closed in Y but f~'({(b, b)}) = {q} is not sg-closed in X. Therefore fis not sg- 
continuous. 


2.2. Theorem 2.2 


If Y is sT12 and {X,:ae |} be Topological Spaces. Let f: Y— IIX, be a function, then fis sg-continuous iff z.° f: Y— Xz is sg-continuous. 


2.3. Corollary 2.3 


Let f: X.— Yq be a function and let f: IX,— TTY, be defined by f(Xa)ael = (fx (Xa))ael- If fis sg-continuous then each f£, is sg-continuous. 


2.4. Corollary 2.4 


For each a, let X. be sT1/2 and let f,: X.Y. be a function and let f: TIX,— ITY, be defined by f(Xa)aet = (fa (Xa))ael, then fis sg-continuous iff each f, is sg- 


continuous. 


3. SG: SPACES i = 0, 1, 2 
3.1. Definition 3.1 


X is said to be 

(i) a Sgo space if for each pair of distinct points x, y of X, there exists a sg-open set G containing either of the point x or y. 

(ii) a sg1 space if for each pair of distinct points x, y of X there exists a sg-open set G containing x but not y and a sg-open set H containing y but not x. 
(ili)a Sg2 space if for each pair of distinct points x, y of X there exists disjoint sg-open sets G and H such that G containing x but not y and H containing y 
but not x. 

Note 2: X is sg2 > X is sgi —> X is sgo. 

Example 3.1: Let X = {a, b, c} and t = {0, {a, c}, X} then X is sgo but not rTo and To, i = 0, 1, 2. 

(ii) t = {, {a}, {a, c}, X} then X is not sgi for i = 0, 1, 2. 

Example 3.2: Let X = {a, b, c, d} and 

(i) t = {o, {a}, {c}, {a, c}, X} then X is sgi; i =0, 1, 2. 

(ii) t = {, {a}, {a, b}, {c, d}, {a, c, d}, X} then X is not sgi for i= 0, 1, 2. 

Remark 3.1: If X is sT1/2 then sTi and sgi are one and the same for i = 0,1,2. 


3.2. Theorem 3.1 

(i) Every [resp: regular open] open subspace of sgi space is sgi for i = 0, 1, 2. 
(ii) ®1The product of sgi spaces is again sgi for i = 0, 1, 2. 

(iii) sg-continuous image of Ti[resp: rTi] spaces is sgi fori = 0, 1, 2. 


3.3. Theorem 3.2 


) X is sgo iff VY xe X, J Ue SGO(X) containing x such that the subspace U is sgo. 
i)X is sQo iff distinct points of X have disjoint sg-closures. 


(i 
(i 


3.4. Theorem 3.3 

The following are equivalent: 

(i) X is sgi. 

(ii) Each one point set is sg-closed. 

(iii)Each subset of X is the intersection of all sg-open sets containing it. 

(iv) For any xe X, the intersection of all sg-open sets containing the point is the set {x}. 


3.5. Theorem 3.4 


If X is sg1 then distinct points of X have disjoint sg-closures. 


3.6. Theorem 3.5 


Suppose x is a sg-limit point of a subset of A of asg1 space X. Then every neighborhood of x contains infinitely many distinct points of A. 


3.7. Theorem 3.6 

X is sg2 iff the intersection of all sg-closed, sg-neighborhoods of each point of the space is reduced to that point. 

Proof: Let X be sg2 and xeX, for each y # x in X, 3 U, VeSGO(X) such that xeU, yeV and UNV = 9. Since xeU-V, hence X-V is a sg-closed, sg- 
neighborhood of x to which y does not belong. Consequently, the intersection of all sg-closed, sg-neighborhoods of x is reduced to {x}. 

Conversely let y # x in X, by hypothesis 3 a sg-closed, sg-neighborhood U of x such that ye¢U. Now 3 GeSGO(X) such that xeGcU. Thus G and X-U are 
disjoint sg-open sets containing x and y respectively. Hence X is sgo. 


3.8. Theorem 3.7 


If to each xeX, there exist a sg-closed, sg-open subset of X containing x which is also a sg2 subspace of X, then X is sgo. 

Proof: Let xeX, U a sg-closed, sg-open subset of X containing x and which is also a sg2 subspace of X, then the intersection of all sg-closed, sg- 
neighborhoods of x in U is reduced to {x}. U being sg-closed, sg-open, these are sg-closed, sg-neighborhoods of x in X. Thus the intersection of all sg- 
closed, sg-neighborhoods of x is reduced to {x}. Hence by Theorem 3.6, X is sgo. 


3.9. Theorem 3.9 
If X is sge then the diagonal A in XxX is sg-closed. 
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Proof: Let (x, y)—_XxX-A, then x # y. Since X is sg2 3 U; VeSGO(X) s.t. xeU; yeV and UNV = 6, implies (UxV)MA = 6 and therefore (x, y) e(UxV)cXxX- 
AeSGO(XxxX). Hence A is sg-closed. 


3.10. Theorem 3.9 


In sg2-space, sg-limits of sequences, if exists, are unique. 


3.11. Theorem 3.10 

In a sg2 space, a point and disjoint sg-compact subspace can be separated by disjoint sg-open sets. 

Proof: Let X be a sg2 space, xeX and C a sg-compact subspace of X not containing x. Let yeC then for xy in X, J disjoint sg-open nbds Gx and Hy. 
Allowing this for each y in C, we obtain a class {Hy} whose union covers C; and since C is sg-compact, some finite subclass {Hi, i = 1 to n} covers C. If Gi 
is sg-nbd of x corresponding to Hi, we put G = Viz1-nGi and H = i-t-nHi, satisfying the required properties. 


3.12. Corollary 3.1 

(i) Ina T1 [resp: rT1; g1] space, each singleton set is sg-closed. 

(ii) If X is T1 [resp: rT1; gi] then distinct points of X have disjoint sg-closures. 

(iii) If X is Tz [resp: rT2; ge] then the diagonal Ain XxX is sg-closed. 

(iv) Show that in a T2 [resp: rT2; g2] space, a point and disjoint compact[resp: nearly-compact; g-compact] subspace can be separated by disjoint sg-open 
sets 


3.13. Theorem 3.11 

Every sg-compact subspace of a sgz2 space is sg-closed. 

Proof: Let C be sg-compact subspace of a sgz2 space. If xeC°, by above Theorem x has a sg-nbd G s.t xeG < C*. Thus C° is the union of sg-open sets 
and therefore C° is sg-open. Thus C is sg-closed. 


3.14. Corollary 3.2 


Every compact [resp: nearly-compact; g-compact] subspace of a T2 [resp: rT2; g2] space is sg-closed. 


3.15. Theorem 3.12 


If f: X— Y is injective, sg-irresolute and Y is sgi then X is sgi, i = 0, 1, 2. 
Proof: Let x # yeX, then 4 a sg-open set VxcY such that f(x)eVx and fy)¢Vx and 4 a sg-open set Vyc Y such that fly)eVy and f(x)¢Vy with f(x) # Ky). By 
sg-irresoluteness of f, f-'(Vx) is sg-open in X such that xef-'(Vx); ye¢f1(Vx) and f-1(Vy) is sg-open in X such that yef-'(Vy); x¢f-"(Vy). Hence X is sgz 


Similarly one can prove the remaining part of the Theorem. 


3.16. Corollary 3.3 


(i) If f X—> Y is injective, sg-continuous and Y is Ti then X is sgi, i = 0, 1, 2. 

(ii) If f: X— Y is injective, r-irresolute[r-continuous] and Y is rTi then X is sgi, i= 0, 1, 2. 
(iii)The property of being a space is sgo is a sg-Topological property. 

(iv) Let f: X + Y is a sgc-homeomorphism, then X is sgi if Y is sgi, i = 0, 1, 2. 


3.17. Theorem 3.13 


Let X be T; and f. X > Y be sg-closed surjection. Then X is sg1. 


3.18. Theorem 3.14 

Every sg-irresolute map from a sg-compact space into a sg2 space is sg-closed. 

Proof: If # X — Y is sg-irresolute where X is sg-compact and Y is sg2, Let CcX be closed, then CcX is sg-closed and hence C is sg-compact and so f(C) 
is sg-compact. But then f(C) is sg-closed in Y. Hence the image of any sg-closed set in X is sg-closed set in Y. Thus fis sg-closed. 


3.19. Theorem 3.15 

Any sg-irresolute bijection from a sg-compact space onto a sg2 space is a sgc-homeomorphism. 

Proof: Let fbe a sg-irresolute bijection from a sg-compact space onto a sg2 space. Let GeSGO(X). Then X-GeSGC(X) and hence f(X-G)eSGC(Y). Since 
fis bijective {X-G) = Y-{G) and therefore f(G)=SGO(Y). Hence fis M-sg-open. Thus fis sgc-homeomorphism. 


3.20. Corollary 3.4 


Any sg-continuous bijection from a sg-compact space onto a sg2 space is a sg-homeomorphism. 


3.21. Theorem 3.16 

The following are equivalent: 

(i) X is sga. 

(ii) For each pair x # ye X 3 a sg-open, sg-closed set V such that xeV and y¢V, and 

(iii)For each pair x # ye X J f: X> [0, 1] such that f(x) = 0 and fly) = 1 and fis sg-continuous. 


3.22. Theorem 3.17 

If f: X— Y is sg-irresolute and Y is sg2 then 

(i) the set A = {(x1, X2): (x1) = Ax2)} is sg-closed in Xx X. 

(ii)G(), Graph of f, is sg-closed in XxY. 

Proof: (i) Let A = {(x1, x2): (x1) = Mxa)}. If (x1, X2)eXxX-A, then x1) # x2) > J disjoint Vi and V2eSGO(Y) such that f(x1)eV1 and f(x2)eV2, then by sg- 
irresoluteness of f, f1(V))-SGO(X, xj) for each j. Thus (x1, x2)e f1(V1)xf!(V2) c XxX-A eSGO(XxxX). Hence Ac SGC(XxxX). 

(ii) Let (x, y)¢G(f) = y # f(x) => J disjoint V; WeSGO(Y) such that f(x)eV and yeW. Since fis sg-irresolute, 3 UeSGO(X) such that xeU and KU)cW. 
Therefore we obtain (x, y) ¢UxVcXxY-G(f). Hence XxY-G(f) eSGO(XxY). Hence G(f)_—eSGC(XxY). 


3.23. Theorem 3.18 
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If f X— Y is sg-open and A = {(x1, x2): f(x1) = f(x2)} is closed in XxX. Then Y is sgo. 


3.24. Theorem 3.19 


Let Y and {X,:ae I} be Topological Spaces. If f: Y IT X, be a sg-continuous function and Y is rT 1/2, then IT X,, and each X,, are sgi, i = 0,1,2. 


3.25. Theorem 3.20 

Let X be an arbitrary space, R an equivalence relation in X and p: X > X/R the identification map. If Rc XxX is sg-closed in XxX and pis sg-open map, 
then X/R is sgo. 

Proof: Let p(X), # p(y)<X/R. Since x and y are not related, RcXxX is sg-closed in XxX. There are sg-open sets U and V such that xeU, yeV and UxVc 
R°. Thus {p(U), p(V)} are disjoint and also sg-open in X/R since p is sg-open. 


3.26. Theorem 3.21 

The following four properties are equivalent: 

(i) X is sga 

(ii) Let xe X. For each y # x, J UeSGO(X) such that xeU and y¢sgcl(U) 

(iii)For each xe X, m{sgel(U)/UeSGO(X) and xe U} = {x}. 

(iv) The diagonal A = {(x, x)/xeX} is sg-closed in Xx X. 

Proof: (i) = (ii) Let xe X and y # x. Then there are disjoint sg-open sets U and V such that xe U and ye V. Clearly V ° is sg-closed, sgcl(U) < V°, yeV° 
and therefore y¢ sgcl(U). 

(ii) = (iii) If y # x, then 3 UeSGO(X, x) and y¢sgcl(U). So yen{sgel(U)/UeSGO(X) and xeU}. 

(iii) > (iv) We prove A‘ is sg-open. Let (x, y) ¢A. Then y # x and m{sgcel(U)/UeSGO(X) and xeU} = {x} there is some UeSGO(X) with xeU and y¢ sgcl(U). 
Since Ur(sgcl(U))° = o, Ux(sgcl(U))° is a sg-open set such that (x, y) €Ux(sgcl(U))°cA°. 

(iv) => (i) y # x, then (x, y)¢A and thus there exist sg-open sets U and V such that (x, y)eUxV and (UxV)nA = ¢. Clearly, for the sg-open sets U and V we 
have; xeU, yeV and UNV = 9. 


4. SGG3 AND SGG, SPACES 
4.1. Definition 4.1 


X is said to be 

(i) a gs space if for every sg-closed sets F and a point x¢F 4 disjoint U, VeSPO(X)such that FcU; xeV 
(ii) a sggs space if for every sg-closed sets F and x¢ F J disjoint U, VeSGO(X)such that FcU; xeV 
(iii)a sg space if for each pair of disjoint F; HeSGC(X), 3 disjoint U, VeSPO(X) s.t. FcU; HcV 

(iv) a sgga space if for each pair of disjoint F; HeSGC(X), 4 disjoint U, VeSGO(X) s.t. FcoU; HcV 

Note: rTi— sgi — sggi, i = 3, 4. but the converse is not true in general. 

Example 4.1: Let X = {a, b, c} and 

(i) t = {o, {a}, {b, c}, X} then X is sggi. 

(ii) t = {, {a}, X} then X is not sggi, sgi and rTi for i = 3, 4. 


4.2. Lemma 4.1 

X is sg-regular iff X is nearly-regular and rT 1/2. 

Proof: X is sg-regular, then obviously X is nearly-regular. Let AcX be sg-closed. For each x¢A 4 Vxe SGO(X, x) such that VA = 6. If V= Uf{Vx:x¢ A}, 
then V is sg-open and V = X-A. Hence A is sg-closed implies X is rT 1/2. 


4.3. Theorem 4.1 

If X is sg3, Then for each xeX and each UeSGO(X, x) 3 a sg-neighborhood V of x such that sgcl(A)cU. 

Proof: Let xeX and U a sg-neighborhood of x. Let B = X - U, then B is sg-closed and by sg-regularity of X, 4 disjoint V, WeSGO(X) such that xeV and 
BcW. Then sgcl(V)AB = $ = sgcl(V)cX - B. 


4.4. Theorem 4.2 

The following are equivalent: 

(i) Xis sgs, 

(ii) For every point xeX and for every GeSGO(X, x), 3 UeSGO(X) such that xeUc sgel(U) c G. 

(iii)For every sg-closed set F, the intersection of al sg-closed sg-neighborhoods of F is exactly F. 

(iv) For every set A and BeSGO(X) such that ANB # , J GeSGO(X)such that ANG # $ and sgcl(G)cB. 
(v) For every A # 6 and BeSGC(X) with AnB = 9, 3 disjoint G; HeSGO(X) such that AcG and BcH. 


4.5. Theorem 4.3 

If X is sggs. Then for each xeX and each UeSGO(X, x), J VeSGO(X, x) such that sgcl(A)cU. 

Proof: Let xe X and U a sg-nbd of x. Let B = X - U, then B is sg-closed and by sgg-regularity of X, 3 disjoint V, WeSGO(X) such that xeV and BcW. Then 
sgcl(V)7B = $ => sgcl(V)cX - B. 


4.6. Corollary 4.1 


If X is Ts [resp: rT3; gs]. Then for each xe X and each sg-open neighborhood U of x there exists a sg-open neighborhood V of x such that sgcl(A)cU. 


4.7. Theorem 4.4 

If f: X—> Y is sg-closed, sg-irresolute bijection. Then X is sggs iff Y is sggs. 

Proof: Let F be closed set in X and x¢F, then f(x) ¢f(F) and f(F) is sg-closed in Y. By sggs of Y, 3 V; We SGO(y) such that f(X)eV and f(F)cW. Hence xef 
“1(V) and Fef-"(W), where f-'(V) and f-1(W) are disjoint sg-open sets in X (by sg-irresoluteness of f). Hence X is sggs. 

Conversely, X be sggs and K any sg-closed in Y with y¢K, then f*'(K) is sg-closed in X such that f(y) ¢ f-'(K). By sggs of X, 3 disjoint V, WeSGO(X) 
such that f-'(y)eV and f-1(K)cW. Hence ye f(V) and Kc f(W) such that f(V) and f(W) are disjoint sg-open sets in X. Thus Y is sggs 


4.8. Theorem 4.5 


X is sg-normal iff for every sg-closed set F and a sg-open set G containing A, there exists a sg-open set V such that Fc Ve sgcl(V) c¢G 
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4.9. Theorem 4.6 


X is sg-normal iff for every pair of disjoint sg-closed sets A and B, there exist disjoint sg-open sets U and V such that ACU and BcV. 

Proof: Necessity: Follows from the fact that every sg-open set is sg-open. 

Sufficiency: Let A, B be are disjoint sg-closed sets and U, V are disjoint sg-open sets such that AcU and BcV. Since U and V are sg-open sets, AcU and 
BcV = Acsg(U)° and Bcsg(V)°. Hence sg(U)° and sg(V)° are disjoint sg-open sets satisfying the axiom of sg-normality. 


4.10. Theorem 4.7 

The following are equivalent: 

(i) X is sg-normal 

ii) For any pair of disjoint closed sets A and B, 3 disjoint U; VeSGO(X) such that ACU and BcV 
iii)For every closed set A and an open B containing A, 3 UeSGO(X) such that AcUcsgcl(U)cB 

iv) For every closed set A and a sg-open B containing A, 3 UeSGO(X) such that AcUcsgcl(U)<(B)° 
v) For every AeSGC(X), and every Bet(X,A), 3 UeSGO(X) such that Acsgcl(A)cUcsgcel(U) c B. 


( 
( 
( 
( 


4.11. Theorem 4.8 

The following are equivalent: 

(i) X is sg-normal 

(ii) For every AcSGC(X) and every sg-open set containing A, 3 a sg-clopen set V such that AcVcU. 


4.12. Theorem 4.9 


Let X be an almost normal space and FoA = > where F is regularly closed and A is sg-closed, then J disjoint U; Vet such that FcU; BcV. 


4.13. Theorem 4.10 


X is almost normal iff for every disjoint sets F and A where F is regular closed and A is closed, 3 disjoint sg-open sets in X such that FcU; BcV. 
Proof: Necessity: Follows from the fact that every open set is sg-open. 

Sufficiency: Let F, A be disjoint s.t. FeRC(X) and A is closed, 3 disjoint U; VeSGO(X) s.t. FcU; BcV. Hence FcU°; BeV°, where U° and V° are disjoint 
open sets. Hence X is almost regular. 


5. SG-R: SPACES; i = 0,1:. 

5.1. Definition 5.1 

Let xe X. Then 

(i) sg-kernel of x is defined and denoted by Kerisg}{x} = ~{U:Ue SGO(X) and xe U} 
(ii) Kertsg)F = A{U: Ue SGO(X) and Fe U} 


5.2. Lemma 5.1 
Let Ac X, then Kerjsg{A} = {xe X: sgcl{x}n A # o.} 


5.3. Lemma 5.2 


Let xe X. Then ye Kerisg{x} iff xe sgcl{y}. 
Proof: Suppose that y ¢Kerjsg}{x}. Then 3 VeSGO(X) containing x such that y¢V. Therefore we have x¢sgcl{y}. The proof of converse part can be done 
similarly. 


5.4. Lemma 5.3 


For any points x # yeX, the following are equivalent: 

(i) Kerisg{x}_ # Kerisa{y}; (ii) sgcl{x}_ # sgcl{y}. 

Proof: (i) => (ii): Let Kerisg{x} # Kerjsg{y}, then 3 zeX such that zeKer{sg{x} and z¢Kerisg}{y}. From zeKerisg}{x} it follows that {x}~sgcl{z} + 6 > xesgcl{z}. 
By z¢Kerisg{y}, we have {y}sgcl{z} = . Since xesgcl{z}, sgcl{x}csgcl{z} and {y}-~sgcl{x} = o. Therefore sgcl{x} # sgcl{y}. Now Kerisg}{x} # Kerisg{y} => 
sgcl{x} # sgcl{y}. 

(ii) => (i): If sgcl{x} # sgcl{y}. Then 3 zeX such that zesgcl{x} and z¢sgcl{y}. Then 3 a sg-open set containing z and therefore containing x but not y, 
namely, yéKerjsg}{x}. Hence Kerisg}{x} # Kerisg}{y}. 


5.5. Definition 5.2 

X is said to be 

(i) sg-Ro iff sgcl{x}< G whenever xe Ge SGO(X). 

(ii) weakly sg-Ro iff ~ sgcl{x} = 9. 

(iii) sg-Ri1 iff for x,yeX such that sgcl{x} * sgcl{y} 4 disjoint U; VeSGO(X) such that sgcl{x}cU and sgcl{y}cV. 
Example 5.1: Let X = {a, b, c, d} and 

(i) t = {, {a}, {b}, {a, b}, X} then X is sgRo and weakly sgRo. 
(ii) t = {o, {a, b}, {a, b, c}, X} then X is sgRi. 

Remark 5.1: 

(i) r-Ri=> Ri= g Ri= sgRi, i = 0, 1. 

(ii) Every weakly-Ro space is weakly sg Ro. 


5.6. Lemma 5.1 

Every sgRo space is weakly sgRo. 

Converse of the above Theorem is not true in general by the following Examples. 

Example 5.2: 

(i) Let X = {a, b, c, d} andt = {d, {a}, {a, b}, {c, d}, {a, c, d}, X}, then X is weakly sgRo but not sgRo. 
(ii) Let X = {a, b, c} andt = {, {a, b}, X}, then X is sgRo and Ro. 


5.7. Theorem 5.1 
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Every sg-regular space X is sg2 and sg-Ro. 

Proof: Let X be sg-regular and let x # ye X. By Lemma 4.1, {x} is either sg-open or sg-closed. If {x} is sg-open, {x} is sg-open and hence sg-clopen. Thus 
{x} and X - {x} are separating sg-open sets. Similar argument, for {x} is sg-closed gives {x} and X - {x} are separating sg-closed sets. Thus X is sg2 and sg- 
Ro. 


5.8. Theorem 5.2 

X is sg-Ro iff given x # ye X; sgcl{x} # sgcl{y}. 

Proof: Let X be sg-Ro and let let x, # ye X. Suppose U is a sg-open set containing x but not y, then ye sgcl{y}< X-U and so x¢ sgcl{y}. Hence sgcl{x} # 
sgcl{y}. 

Conversely, let x, ye X such that sgcl{x} + sgcl{y}=> sgcl{x}c X-sgcl{y} = U(say) a sg-open set in X. This is true for every sgcl{x}. Thus > sgcl{x}c U 
where xe sgcl{x}< Ue SGO(X), which in turn implies ~ sgcl{x}c U where xe Ue SGO(X). Hence X is sgRo. 


5.9. Theorem 5.3 


X is weakly sgRo iff Kerjsg){x} # X for any xeX. 

Proof: Let xoeX such that kerjsg}{xo} = X. This means that xo is not contained in any proper sg-open subset of X. Thus xoe sgcl{x} of every singleton set. 
Hence xoensgcl{x}, a contradiction. 

Conversely assume Kerisg}{x} # X for any xe X. If there is an xoe X such that xoe{sgcl{x}}, then every sg-open set containing xo must contain every point 
of X. Therefore, the unique sg-open set containing xo is X. Hence Kerisg}{xo} = X, which is a contradiction. Thus X is weakly sg-Ro. 


5.10. Theorem 5.4 

The following statements are equivalent: 

(i) X is sg-Ro space. 

(ii) For each xe X, sgcl{x}c Kerisg}{x} 

(iii)For any sg-closed set F and a point x¢ F, 3 Ue SGO(X) such that x¢U and FcU. 

(iv) Each sg-closed set F can be expressed as F = -{G: G is sg-open and FcG}. 

(v) Each sg-open set G can be expressed as G = UA: A is sg-closed and AcG}. 

(vi) For each sg-closed set F, x¢ F implies sg-cl{x}7> F = o. 

Proof: (i) => (ii) For any xe X, we have Kertsg{x} = ~{U: UeSGO(X) and xeU}. Since X is sg-Ro, each sg-open set containing x contains sgcl{x}. Hence 
sgcl{x}c< Kersg}{x}. 

(ii) => (iii) Let x¢F eSGC(X). Then for any yeF; sgcl{y}cF and so x¢sgcl{y}=> y ¢sgcl{x} that is 3 UyeSGO(X) such that yeUy and x¢Uy V yeF. Let U 
= U{Uy: UyeSGO(X, y) and x¢Uy}. Then UeSGO(X) such that x¢U and FcU. 

(iii) > (iv) Let FeSGO(X) and N = -{G: G is sg-open and Fc G}. Then FcN = (1). 

Let x¢ F, then by (iii) 3 GeSGO(X) such that x¢G and FcG. 

Hence x¢N which implies xeN => xeF. Hence NcF => (2). 

Therefore from (1) and (2), each sg-closed set F = -{G: G is sg-open and FcG} 

(iv) = (Vv) obvious. 

(v) => (vi) Let x¢FeSGC(X). Then X-F = GeSGO(X, x). Then by (v), G = U{A: A is sg-closed and AcG}, and so 3 MeSGC(X) such that xeMcG; and 
hence sgcl{x}<G which implies sgcl{x}AF = 9. 

(vi) = (i) Let xeGeSGO(X). Then x¢(X-G), which is a sg-closed set. Therefore by (vi) sgcl{x}~(X-G) = 6, which implies that sgcl{x}< G. Thus X is sgRo 
space. 


5.11. Theorem 5.5 


Let f X — Y be a sg-closed one-one function. If X is weakly sg-Ro, then so is Y. 


5.12. Theorem 5.6 


If X is weakly sg-Ro, then for every space Y, XxY is weakly sg-Ro. 
Proof: osgcl{(x,y)}con{sgel{x}xsgcl{y}} = a[sgcl{x}]x[sgcl{y}]<dxY = o. Hence Xx Y is sgRo. 


5.13. Corollary 5.1 


(i) If X and Y are weakly sgRo, then Xx Y is weakly sgRo. 
(ii) If X and Y are sgRo, then Xx Y is weakly sgRo. 
(iii) If X is sgRo and Y are weakly Ro, then Xx Y is weakly sgRo. 


5.14. Theorem 5.7 

X is sgRo iff for any x, ye X, sgcl{x} # sgcl{y}= sgcl{x}n sgcl{y} = 9. 

Proof: Let X is sgRo and x, yeX such that sgcl{x} # sgcl{y} .Then 4 zesgcl{x} such that z¢sgcl{y} (or zesgcl{y}) such that z¢sgcl{x}. There exists 
VeSGO(X) such that y¢V and zeV; hence xeV. Therefore, x¢sgcl{y}. Thus xe[sgcl{y}]*>¢SGO(X), which implies sgcl{x}c[sgcl{y}]° and sgcl{x}n sgcl{y} = 
o. The proof for otherwise is similar. 

Sufficiency: Let xeVeSGO(X). Let yeV, i.e., yeV°. Then x # y and x¢sgcl{y}. Hence sgcl{x} * sgcl{y}. But sgcl{x}-sgcl{y} = 6. Hence y¢sgcl{x}. Therefore 
sgcl{x}cV. 


5.15. Theorem 5.8 


X is sgRo iff for any x, yeX, Kerisg{x} # Kerisg{y} => Kerisg{x}rKerisg}{y} = 0. 

Proof: If X is sgRo, by Lemma 5.3 for any x, yeX if Kerisg}{x} # Kerisg}{y} then sgcl{x} # sgcl{y}. Assume that zeKerjsg{x}Kerisg{y}. By zeKerisg}{x} and 
Lemma 5.2, it follows that xesgcl{z}. Since xesgcl{z}, sgcl{x} = sgcl{z}. Similarly, we have sgcl{y} = sgcl{z} = sgcl{x}. This is a contradiction. Therefore, we 
have Kertsg}{x} 7 Kerisg}{y} = 0. 

Conversely, let x, yeX, s.t. sgcl{x} # sgcl{y}, then by Lemma 5.3, Kerjsg}{x} # Kerisg{y}. By hypothesis Kerisg}{x}Kerisg}{y} = @ which implies sgcl{x}rsgcl{y} 
= >. But zesgcl{x} implies that xeKerjsg{z} and hence Kerjsg}{x}AKer{sg}{Z} # > Therefore by Theorem 5.7 X is a sgRo space. 


5.16. Theorem 5.9 

The following properties are equivalent: 

(i) X is a sg-Ro space. 

(ii) For any A # @ and GeSGO(X) such that ANG # 6 3 FeSGC(X)such that ANF # and FcG. 
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Proof: (i) => (ii): Let A 4 6 and GeSGO(X) such that ANG = o. There exists xeANG. Since xeGeSGO(X), sgcl{x}<G. Set F = sgcl{x}, then FeSGC(X), 
FcG and AMF #9 
(ii) => (i): Let Ge SGO(X) and Xe G. By (2), sgcl{x}< G. Hence X is sg-Ro. 


5.17. Theorem 5.10 

The following properties are equivalent: 

(i) X is a sg-Ro space; 

(ii) xe sgcl{y} iff yesgcl{x}, for any points x and y in X. 

Proof: (i) = (ii): Assume X is sgRo. Let xesgcl{y} and D be any sg-open set such that yeD. Now by hypothesis, xeD. Therefore, every sg-open set which 
contain y contains x. Hence yesgcl{x}. 

(ii) => (i): Let U be a sg-open set and xeuU. If y¢ U, then x¢sgcl{y} and hence y¢sgcl{x}. This implies that sgcl{x}<U. Hence X is sgRo. 


5.18. Theorem 5.11 

The following properties are equivalent: 

(i) X is a sgRo space; 

(ii) If F is sg-closed, then F = Kerjsg}(F); 

(iii) If F is sg-closed and xe F, then Kerjsg{x}cF; 

(iv) If Xe X, then Kerisg{x}csgcl{x}. 

Proof: (i) => (ii): Let x¢FeSGC(X) => (X-F)eSGO(X, x). For X is sgRo, sgcl({x})<(X-F). Thus sgcl({x})7 F = 6 and x¢Kerisg}(F). Hence Kerjsg}(F) = F. 
(ii) > (iii): ACB > Kerjsg)(A)cKerisg}(B). Therefore, by (2) Kertsg{x}< Kerisg}(F) = F. 

(iii) > (iv): Since xesgcl{x} and sgcl{x} is sg-closed, by (3) Kerjsg{x}c sgcl{x}. 

(iv) => (i): Let xesgcl{y}. Then by Lemma 5.2 yeKerisg}{x}. Since xesgcl{x} and sgcl{x} is sg-closed, by (iv) we obtain y eKerjsg{x}csgcl{x}. Therefore 
xesgcl{y} implies yesgcl{x}. The converse is obvious and X is sgRo. 


5.19. Corollary 5.2 

The following properties are equivalent: 

(i) X is sgRo. (ii) sgcl{x} = Kerisg{x}'V xe X. 
Proof: Straight forward from Theorems 5.4 and 5.11. 


Recall that a filterbase F is called sg-convergent to a point x in X, if for any sg-open set U of X containing x, there exists Be F such that Bc U. 


5.20. Lemma 5.4 


Let x and y be any two points in X such that every net in X sg-converging to y sg-converges to x. Then xe sgcl{y}. 
Proof: Suppose that xn = y for each neN. Then {xXn}nen is a net in sgcl{({y})}. Since {xn}n-n Sg-converges to y, then {Xn}n-n Sg-converges to x and this 
implies that xesgcl{y}. 


5.21. Theorem 5.12 

The following statements are equivalent: 

(i) X is a sgRo space; 

(ii) If x, yeX, then y esgcl{x} iff every net in X sg-converging to y sg-converges to x. 

Proof: (i) = (ii): Let x, yeX such that yesgcl{x}. Suppose that {x,}a<1 is a net in X such that {x,}a-1 sg-converges to y. Since yesgcl{x}, by Thm. 5.7 we 
have sgcl{x} = sgcl{y}. Therefore xesgcl{y}. This means that {x,}.-1Sg-converges to x. 

Conversely, let x, ye X such that every net in X sg-converging to y sg-converges to x. Then xe sg-cl{y}[by 5.4]. By Thm. 5.7, we have sgcl{x} = sgcl{y}. 
Therefore yesgcl{x}. 

(ii) = (i): Let x, yeX such that sgcl{x}>sgcl{y} # o. Let zesgcl{x}7 sgcl{y}. So 3 a net {x,}ae1 in sgcl{x} such that {x,}.<1 sg-converges to z. Since zesgcl{y}, 
then {Xa}.<1 Sg-converges to y. It follows that yesgcl{x}. Similarly we obtain x esgcl{y}. Thus sgcl{x} = sgcl{y}. Hence X is sgRo. 


5.22. Theorem 5.13 


(i) Every subspace of sgR: space is again sgRi. 

(ii) Product of any two sgR: spaces is again sgRi. 

(ili) X is sgR1 iff given x # ye X, sgcl{x} # sgcl{y}. 

(iv) Every sg2 space is sgRi. 

(v) If X is sg-Ri, then X is sg-Ro. 

(vi)X is sg-Ri iff for x, ye X, Kerisg{x} # Kerisg}{y}, 4 disjoint U; VeSGO(X) such that sgcl{x}cU and sgcl{y}cV. 


The converse of (iv) is not true. However, we have the following result. 


5.23. Theorem 5.14 

Every sgi and sgRi space is sg2, 

Proof: Let x # yeX. Since X is sgi; {x} and {y} are sg-closed sets such that sgcl{x} # sgcl{y}. Since X is sgR1, there exists disjoint sg-open sets U and V 
such that xeU; yeV. Hence X is sga. 


5.24. Corollary 5.3 
X is gz iff it is sgR1 and sgi. 


Theorem 5.15: The following are equivalent 

(i) X is sg-Ri. (ii) Asgcl{x} = {x}. (iii)For any xeX, msg[nbds{x}] = {x}. 

Proof: (i) => (ii) Let y # xeX such that yesgcl{x}. Since X is sgR1, 3 UeSGO(X) such that yeU, x¢U or xeU, y¢U. In either case y ¢sgcl{x}. Hence 
Asgcl{x} = {x}. 

(ii) = (iii) If y # xeX, then x¢nsgcl{y}, so there is a sg-open set containing x but not y. Therefore y¢-~sg[nbds{x}]. Hence ~sg[nbds{x}] = {x}. 

(iii) > (i) Let x  yeX. by hypothesis, yesg[nbds{x}] and x¢-sg[nbds{y}], which implies sgcl{x} # sgcl{y}. Hence X is sg-Ri. 


5.25. Theorem 5.16 

The following are equivalent: 
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(i) X is sg-Ri. 

(ii) For each pair x, yeX with sgcl{x} # sgcl{y}, 3 a sg-open, sg-closed set V s.t. xeV and y¢V, and 

(iii)For each x # yeX with sgcl{x} # sgcl{y}, 3 a sg-continuous function f: X-[0, 1] s.t. {x) = 0 and fly) = 1. 

Proof: (i) = (ii) Let x, yeX with sgcl{x} # sgcl{y}, 4 disjoint U; WeSGO(X) such that sgcl{x}cU and sgcl{y}<W and V = sgcl(U) is sg-open and sg-closed 
such that xeV and yeV. 

(ii) => (iii) Let x, ye X with sgcl{x} # sgcl{y}, and let V be sg-open and sg-closed such that xeV and y¢V. Then f: X- [0, 1] defined by f(z) = 0 if zeV and 
f(z) = 1 if z¢V satisfied the desired properties. 

(iii) > (i) Let x, ye X such that sgcl{x} # sgcl{y}, let f X— [0, 1] such that fis sg-continuous, f(x) = 0 and fly) = 1. Then U = f-"((0, 1/2)) and V = f-1((1/2, 1]) 
are disjoint sg-open and sg-closed sets in X, such that sgcl{x}cU and sgcl{y}cV. 


6. SG-C; AND SG-D; SPACES, i = 0,1,2: 
6.1. Definition 6.1 


X is said to be a 

(i) sg-Co space if for each pair of distinct points x, y of X there exists a sg-open set G whose closure contains either of the point x or y. 

(ii) sg-C1 space if for each pair of distinct points x, y of X there exists a sg-open set G whose closure containing x but not y and a sg-open set H whose 
closure containing y but not x. 

(iii)sg-C2 space if for each pair of distinct points x, y of X there exists disjoint sg-open sets G and H such that G containing x but not y and H containing y 
but not x. 

Note: sg-C2 => sg-Ci = sg-Co. Converse need not be true in general as shown by. 

Example 6.1: Let X = {a, b, c, d} and 

(i) t = {, {a}, {b}, {a, b}, X} then X is sg-Ci, i = 1, 2. 

(ii) t = {o, {a}, {a, b}, {c, d}, {a, c, d}, X} then X is not sg-Ci, i = 0, 1, 2. 


6.2. Theorem 6.1 

(i) Every subspace of sg-Ci space is sg-Ci. 
(ii) Every sgi spaces is sg-Ci. 

(iii)Product of sg-Ci spaces are sg-Ci. 


6.3. Theorem 6.2 
Let (X, t) be any sg-Ci space and A # ¢ c X then A is sg-Ci iff (A, t/a) is sg-Ci. 


6.4. Theorem 6.3 


(i) If X is sg-Ci then each singleton set is sg-closed. 
(ii)In an sg-C1 space disjoint points of X has disjoint sg- closures. 


6.5. Definition 6.2 
Ac X is called a sg-Difference(Shortly sgD-set) set if there are two U, Ve SGO(X) such that U  X and A = U-V. 


Clearly every sg-open set U different from X is a sgD-set if A= U and V = 9. 


6.6. Definition 6.3 

X is said to be a 

(i) sg-Do if for any pair of distinct points x and y of X there exist a sgD-set in X containing x but not y or a sgD set in X containing y but not x. 
(ii) sg-D1 if for any pair of distinct points x and y in X there exist a sgD-set of X containing x but not y and a sgD-set in X containing y but not x. 
(iii)sg-De if for any pair of distinct points x and y of X there exists disjoint sgD-sets G and H in X containing x and y respectively. 

Example 6.2: Let X = {a, b, c} and t = {0, {b}, {a, c}, X} then X is sgDi, i = 0, 1, 2. 

Remark 6.2: (i) If X is rTi, then it is sgi, i= 0, 1, 2 and converse is false. 

(ii) If X is sgi, then it is sgg-1, i= 1, 2. 

(iii) If X is sgi, then it is sg-Di , i= 0, 1, 2. 

(iv) If X is sg-Di, then it is sg-Dyi-1;, i= 1, 2. 


6.7. Theorem 6.4 

The following statements are true: 
(i) X is sg-Do iff it is sgo. 

(ii) X is sg-Ds iff it is sg-Do. 


Corollary 6.1: If X is sg-D1, then it is sgo. 
Proof: Remark 6.1 (iv) and Theorem 6.2(i) 


6.8. Definition 6.4 


A point xeX which has X as the unique sg-neighborhood is called sg.c.c point. 


6.9. Theorem 6.5 


For an sgo space X the following are equivalent: 

(i) X is sg-D1; (ii) X has no sg.c.c point. 

Proof: (i) = (ii) Since X is sg-D1, then each point x of X is contained in a sgD-set O = U - V and thus in U. By Definition U + X. This implies that x is nota 
sg.c.c point. 

(ii) => (i) If X is sgo, for each x # ye X, at least one of them, x (Say) has a sg-nbd U containing x but not y. Thus U # X is a sgD-set. If X has no sg.c.c point, 
y is not a sg.c.c point, so there exists a sg-nbd V of y such that V # X. Thus ye(V-U) but not x and V-U is a sgD-set. Thus X is sg-D4. 


6.10. Corollary 6.2 

A sgo space X is sg-D: iff there is a unique sg.c.c point in X. 

Proof: Only uniqueness is sufficient to prove. If xo and yo are two sg.c.c points in X then since X is sgo, at least one of xo and yo Say Xo, has a sg- 
neighborhood U such that xoe U and yo¢ U, hence U #X, xo is not a sg.c.c point, a contradiction. 
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6.11. Definition 6.5 


X is sg-symmetric if for x and y in X, x € sgcl{y} implies y € sgcl{x}. 


6.12. Theorem 6.6 


X is sg-symmetric iff {x} is sgg-closed for each Xe X. 

Proof: Assume that xesgcl{y} but y¢sgcl{x}. This means that [sgcl{x}]° contains y. This implies that sgcl{y}< [sgcl{x}]°. Now [sgcl{x}]° contains x which is a 
contradiction. 

Conversely, If {x}<EeSGO(X) but sgcl{x}zE, then sgcl{x} and E° are not disjoint. Let y belongs to their intersection. Now we have xesgcl{y}cE° and x¢ E. 
But this is a contradiction. 


6.13. Corollary 6.3 


If X is a sgi, then it is sg-symmetric. 
Proof: Follows from theorem 2.2(ii), Remark 6.2 and theorem 6.6. 


6.14. Corollary 6.4 

The following are equivalent: 

(i) X is sg-symmetric and sgo 

(ii) X is sgy. 

Proof: By Corollary 6.3 and Remark 6.1 it suffices to prove only (i) = (ii). Let x # y and by sgo, we may assume that xeGic{y}° for some 
G1ieSGO(X).Then x¢sgcl{y} and hence y¢sgcl{x}. There exists a G2eSGO(X) such that yeG2 c{x}° and X is a sg space. 


6.15. Theorem 6.7 

For a sg-symmetric space X the following are equivalent: 

(i) X is sgo; (ii) X is sg-D1; (iii) X is sgy. 

Proof: (i) = (iii) Corollary 6.4 and (iii) = (ii) => (i) Remark 6.1. 
6.16. Theorem 6.8 


(i) If fX— Y is a sg-irresolute surjective function and EeSGD(Y), f'(E)-SGD(Xx). 
(ii) If Y is sg-D1 and f: X > Y is sg-irresolute and bijective, then X is sg-D4. 


6.18. Theorem 6.9 


X is sg-D: iff for each pair of distinct points x , y in X there exist a sg-irresolute surjective function f: X— Y, where Y is a sg-D1 space such that f(x) and fly) 
are distinct. 

Proof: Necessity. For every x # ye X, it suffices to take the identity function on X. 

Sufficiency. Let x # ye X. By hypothesis, 3 a sg-irresolute, surjective function f X onto a sg-D: space Y s.t. f(x) # fy). Therefore, 4 disjoint Gx; Gye SGD(Y) 
s.t. f(x)eGx and fly)eGy. Then by Theorem 6.8(i), f-'(Gx) and f1(Gy)eSGD(X) containing x and y respectively. Therefore X is sg-Di space. 


6.19. Corollary 6.5 


Let {X./ael} be any family of topological spaces. If X. is sg-D1 for each cael, so is IIX,. Proof: Let (x.)#(Ya)¢I1X.. Then there exists an index Pel s.t. x3 # 
ys. The natural projection Ps:IIX,—Xg is almost continuous and almost open and Px ((Xa)) = Pa((ya)). Since Xp, is sg-D1, TTX, is sg-D4. 
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